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The domain shape formation of monolayers comprised of polar molecules with the
orientational deformation of spontaneous polarization is investigated by viewing
this problem as electrostatic charge effect. The orientational deformation contri-
butes to the domain free energy as the spontaneous curvature, Frank elastic
energy, and spontaneous splay, which originate from the effect of diagonal and
off-diagonal components of capacitance matrix. Shape equation is extended by
introducing the concept of “curvature of polarization” to take into account the
spontaneous curvature. It is exemplified that the spontaneous curvature is reason-
ably understood as the shape formation to optimize the off-diagonal component of
electrostatic energy.
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I. INTRODUCTION

Physicochemical properties of amphiphile monolayers at the air-water
interface have attracted much attention since the preparation technique
was developed by Langmuir [1,2]. The structure of monolayers is
determined by the positional order of molecular head on the water
surface and orientational order of molecular tail pointing toward the
air. The orientational order parameters S, (= (P,(cosf))) are intro-
duced as an extension of orientational order parameter Sy of nematic
liquid crystal [3], where P,(cos 0) is the Legendre polynomial of nth
rank (n =1, 2, ...) and 0 is the tilt angle of molecular long axis from
the director. The non-centrosymmetric structure of monolayers is
characterized by the presence of odd-number-th rank orientational
order parameters, i.e., Sgp,_1 #0 (m =1,2,...). From the viewpoint
of dielectric physics of monolayers, the spontaneous and second order
non-linear polarizations are generated from monolayers since mono-
layers possess non-zero S; and S3 (S; # 0 and S3 # 0) [4]. In other
words, the electrostatic energy is stored in monolayers due to the gen-
eration of the spontaneous polarization. We have developed Maxwell
displacement current (MDC) and optical second harmonic generation
(SHG) measurement techniques to detect the spontaneous and
non-linear polarizations, and have measured the S; and S5 of mono-
layers comprised of rod-shaped molecules, e.g. alkyl-cyanobiphenyl
homologues [5]. The liquid crystal-like properties, e.g. flow reorientation
[6,7] and flexoelectric effect [8], of monolayers are also detected by MDC-
SHG measurements, and the nematic order parameter S, was measured
from monolayers in condensed phase by Brewster angle reflectometry
(BAR)[9,10]. However, this approach is still not sufficient to characterize
the physicochemical properties of monolayers in two-phase coexistent
state due to the presence of domain structure of monolayers.

A variety of characteristic shapes of monolayer domains have been
observed by Brewster angle microscopy (BAM) [11-14] and fluorescent
microscopy [15,17,23]. In the determination of shapes of 3D materials
(S1 = 0), the surface tension often makes a dominant contribution. On
the other hand, since monolayers possess non-zero S, the electrostatic
energy is stored in monolayer domains due to the dipole-dipole interac-
tion, and plays an important role in the formation of domain shapes of
monolayers. It naturally links to McConnell’s model [16] that the domain
shapes of monolayers are determined by the competition between the
dipole-dipole interaction and line tension A (2D analogue of surface ten-
sion), i.e. the free energy of monolayer domain is written as [16]

F:),O]{dS+FJ_+F‘|, (1)
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where F| and F| are the contribution of water surface normal and
in-plane components of dipole moment density, respectively. Though
the McConnell’s model has been supported by some experimental
evidences [17], it was only applied to a few predetermined shapes, e.g. cir-
cle [16,17], owing to the mathematical difficulty in calculating F'; and F.
In order to overcome this difficulty, the McConnell’s model has been
reformulated from the viewpoint of differential geometry in our previous
studies [18,19]. Using Taylor expansion method, F'|, is approximately
expressed in terms of the curvature x and boundary length L (see
Eq. (5)) in the similar form to the Helfrich’s shape free energy of lipid
vesicle [20]. Mapping F'; to the shape free energy of lipid vesicles, the
shape equation of monolayer domains with ¥ = 0 was derived on the
analogy of the shape equation of lipid vesicle as [18]

AP — J k4 o k2 4 20 kg = O, (2)

where 4, =29 —p, /2In(eL/h)+11/48Ly2 §x*ds and o) =11/96 2 L?.
is a function of boundary length s. u, is the normal component of
dipole density. In this theory, we additionally introduced AP(=I1—gy)
to take into account the contribution of surface pressure Il and the
Gibbs energy density difference gy between outer phase and inner
phase. The contribution of F| to the formation of domain shapes is also
studied through the approach of differential geometry. F of domains
with uniform in-plane polarization is represented approximately as
curvature elastic energy (see Eq. (6)), where elastic constant is depen-
dent on the angle between tilt direction and boundary normal
Y(x = —dy/ds). The shape equation of monolayer domains with
uniform in-plane dipole density yx is derived as [19]

AP — Ak + oy + 2055 + 37K €08 29 + 2{Ks5 COS 2
— 3Lk cos 20 + 8(kK, sin 2 = 0, (3)

where (= 13/19247L?, ©=1/44In(L/h), o = a1 —11/192uL?, 2 =
AL +1+1/(2L)u [cos®yds +2/L [(—11/192uL? + {cos 2y )x*ds. Equa-
tion (3) returns to Eq. (2) when y=0. The growth of clover shaped
domains from circular domains, which is observed from racemic DPPC
monolayers [15], has been predicted on the basis of Eq. (3) [19].
Domains with orientational deformation have also been observed by
BAM and polarized fluorescent microscopy (PFM) from e.g. fatty acid
monolayers [13] and chiral DPPC monolayers [14]. It indicates the
importance of orientational deformation, i.e. liquid crystal-like proper-
ties of monolayers, in the formation of domain shapes of such mono-
layers. Rudnick and Bruinsma have phenomenologically introduced
the free energy comprised of Frank elastic energy and anisotropic line
tension on the analogy of elastic theory of liquid crystal [21], and have
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reproduced the cusped shape of fatty acid monolayer domains [13].
However, it is indispensable to clarify this problem from the
electrostatic viewpoint for the clear and unified physical picture of
domain shape formation. Recently, we have analyzed the contribution
of orientational deformation to the formation of domain shapes by
viewing it as the electrostatic charge effect [22]. The dipole moment
density (1, and y) is actually equivalent to the spontaneous polariza-
tion (Py(R)) in dielectric physics. The electrostatic energy of a domain
due to the generation of spontaneous polarization is rewritten as the
interaction between induced charge at the internal part and boundary
of a domain. Using Taylor expansion, the electrostatic energy is
approximately expressed as the Frank elastic energy with spon-
taneous splay and curvature energy with spontaneous curvature,
where they are ascribed to the effect of diagonal and off-diagonal com-
ponents of capacitance matrix. The derived free energy is analogous to
the free energy introduced phenomenologically by Rudnick and
Bruinsma. The values used to reproduce cusped shape of fatty acid
domains are validated on the ground of this approach [25]. In the
present study, we analyze the contribution of orientational defor-
mation of spontaneous polarization to the formation of domain shapes
from the viewpoint of differential geometry for the further under-
standing of forming mechanism of domain shapes. As a first step, we
focus on the contribution of the spontaneous curvature in this article.
We introduce the “curvature of polarization” y to represent the orien-
tational deformation, and derive a shape equation taking into account
the effect of spontaneous curvature as an extension of Eq. (3). In order
to clealy show the effect of y, we carry out a model calculation for
domains with simple bend orientational deformation. We found that
egg-like domain shapes, where similar shapes have been observed
from DMPA monolayers [23], are a solution of the shape equation
(see Fig. 4). It is exemplified that the spontaneous curvature is reason-
ably understood as shape formation to optimize the off-diagonal
components of capacitance matrix.

Il. SHAPE FREE ENERGY OF MONOLAYER DOMAINS
WITH ORIENTATIONAL DEFORMATION

Here, we briefly summarize our approach to the domain shape forma-
tion by viewing it as electrostatic charge effect [22]. In electrostatic
theory, charges are induced by splay orientational deformation of
spontaneous polarization (p;,quced = —V - Po(R)). Thus, the electro-
static energy (F, =F, +F|) due to the generation of spontaneous
polarization Py(R) is written as [22]
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FIGURE 1 Geometry of monolayer domain. r(s), t(s), and m(s) are the posi-
tional vector of domain boundary, tangent vector, and normal vector, respect-
ively, and are functions of length s. When we fill the internal part of domains
with the domain boundary curve with different scale ¢ (0 <¢<1), positions in
the internal part are represented by u (=ts), (0<u <L) and ¢ as R(u, ©).

P%i/dsl/dsjr o ))|
g
s a5, TP ‘Té?"?“ =) -mis)

1 fas, [ a T PRIl i
+3 / ds; / ds; i P0|R;)_vﬁjp o) (4)

where r(s), t(s), and m(s) are the positional vector, tangent vector, and
normal vector of domain boundary, respectively, and are functions of
arc-length s (see Fig. 1). |R; — R;] is the distance between the two dif-
ferent positions R; and R; in the internal area of a domain. R; and R;
are 2D positional vectors (see Fig. 1). dS is the area elements. V is 2D
gradient operator. Py, represents the water surface normal compo-
nent of the spontaneous polarization. The first and second terms are
the contribution of F'| and the interaction between charges induced
at the domain boundary (o;nqucea = Po(¥(s)) - m(s)), respectively, and
are partly taken into account in Eq. (3) [18,19]. The third and fourth
terms are the interaction between charges p;,7,.. induced at the inter-
nal part and charges 6;,quc.q induced at the domain boundary. The
fifth term is the interaction between charges p;,4.c.¢ induced at the
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= Po-m(s)
0

(b)

FIGURE 2 (a) Monolayer domain with uniform tilt of spontaneous polariza-
tion. Charge density is only at the boundary. (b) Monolayer domain with tilt
orientational deformation of spontaneous polarization. Charge density is
induced at the internal part and boundary of domain.

internal part. When the spontaneous polarization is generated
uniformly in a domain (V- Py = 0), only the first and second terms
are non-zero (Fig. 2(a)). On the other hand, when the spontaneous
polarization forms orientational deformation in a domain
(V-Py #£0), all terms of Eq. (4) are non-zero (Fig. 2(b)).

Taylor expansion method is useful to clearly express the contri-
bution of electrostatic energy to the formation of domain shapes
[18,19]. In the following, we expand each term of Eq. (4) using this
method. The first term of Eq. (4) is approximately calculated as

F, - 0l1 L jq{ ds + P%LLZ 7( K2ds, (5)
i.e., the sum of the negative line tension and elastic energy in terms of

k (see Eq. (7) in ref. [18]). In the same way, the second term of Eq. (4) is
rewritten as

Fo,q = /ds)2nd /ds (s K — 2K0K)], (6)

where ocH( s) = L2/96 02 0 — L2/8 [Po(r(s)) - t(s)]®, Jonals) =
1/2In(L/h) 0%, gyceq — L?/8[(dPo(x(s))/ds) -m(s)], and 2u(s)ko =L?/
4[Po(x(s)) - t(s)][(dPo(x(s))/ds) - m(s)]. Equation (6) returns to the
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equation used in Ref. [19] when Py is uniform. Zs,4(s) and «(s) are
anisotropic line tension and elastic energy. ko is the spontaneous
curvature. Note that xo = 0 when the spontaneous polarization is
uniform. Equation (6) is further rewritten as

1. L L?
Fong = Elnz/dso—induced(s)z + %/ dSKzoinduced(s)2

- %/ ds (% O'induced(s))2' (7)

The first and second terms represent the contributions of diagonal
components of capcitance matrix, and third term represents the con-
tribution of off-diagonal components of capacitance matrix.
d0induced(s)/ds is written as the sum of the charge density induced
by the curvature of a domain shape —kPy(r(s)) - t(s) and that induced
by orientational deformation (dPy(r(s))/ds)-m(s). The spontaneous
curvature originates from the interaction between the charge density
induced by curvature k and the charge density induced by orienta-
tional deformation. k¢ is the curvature of the shape, which minimizes
the second term of Eq. (6), due to the presence of charge density
induced by the orientational deformation. In sec. III, we discuss the
contribution of kg to the formation of domain shapes in detail.

In order to apply Taylor expansion on the third, fourth, and fifth
terms of Eq. (4), let us express positions R in the internal part of a
domain by u (= s/t) and ¢t (0<t<1) as (see Fig. 1) R(u, ) =tr(u) —
t/L$ds'r(s') + ro, where r, is the center of gravity of a domain shape
(¢ =0) and R(u,1) = x(s) — 1/L¢ds'r(s’) (t = 1). This coordinate repre-
sents the positions at the internal part of a domain by scale ¢ and
length ut of scaled boundary curve with the identical center of gravity.
The extension of Taylor expansion method to 2D is described in
ref. [22]. When the gradient of V - Py is not steep, the fifth term of
Eq. (4) is written as [22]

1
Fo ~ 5L / dSKy1(u,t)(V - Po)?, (8)

where LKi(u,t) = [©dx [¥ dyl\/g(w, ©)/R(u,y) — R(u + «, t)|]—
d/ou([¥ dx [} dy/g(uw,y)x|R(u,y) —R(u+x,t)|) +1/20 /ou( [r dx [r dy

[vgw,y)x?/|R(u,y) —R(u+x,t)|]).dS = /g(u,t)dudt is the area
element [20]. Equation (8) indicates that the contribution of fifth term
of Eq. (4) is the Frank elastic energy [3] in terms of splay deformation
of spontaneous polarization, where elastic coefficient is a function of
position and shape. Equation (8) is nothing but the electrostatic
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energy ascribed to the storage of charge density p;,qucea at capacitance
density C~!(u,t) = LK11(u,t), where C~1(u,t) is the voltage required to
store unit charge density at (u,z).C~! of the center of uniformly
charged circular domain is L. Thus, K;1(u, t) is the geometrical factor,
which represents the deviation of C~! from the center of circular
domain due to the deviation of position and domain shape. Similarly,
the sum of third and fourth terms of Eq. (4) are expanded as

Faopa+Fan — / dsKy (u,1)V - Po(u,t). 9)

where Kl(u,t):fOde(PO(r(u +x)) m(u+x))/|r(u+x,1)—r(u,t)|. Thus,
the third and fourth terms of Eq. (4) contribute as spontaneous splay
to the formation of domain shapes. K;(u, ¢) is dependent on the charge
Ginduced(= Po - m(s)) at the domain boundary. When there are induced
charges at the domain boundary (Kj(u,t) # 0), charges of opposite
polarity are induced at the internal part of the domain to converge
the force field from the boundary charge, and to maintain the charge
neutrality of a domain. The splay orientational deformation is formed
to induce such charges at the internal part. This effect is an origin of
spontaneous splay deformation of monolayer domain.

lll. CONTRIBUTION OF SPONTANEOUS CURVATURE
TO MONOLAYER DOMAIN SHAPES WITH
ORIENTATIONAL DEFORMATION

We consider a small variation (7 << 1) of domain shape r/(s’) =
r(s) + n(s)m(s). Shape equation is derived as a stability condition

SF = Apa/ds + Aoafds + 0F, =0, (10)

where it represents a balance of force applied at the domain boundary
[18-20]. The shape equation is derived by the direct substitution of
Egs. (5), (6), (8), and (9) into Eq. (10). However, the shape equation
derived by the direct calculation is very complex, and does not provide
clear physical picture on the effect of orientational deformation of
spontaneous polarization on domain shapes. The spontaneous curva-
ture ko makes the most significant contribution to the formation of
domain shapes among the contribution of orientational deformation
of P, since the spontaneous curvature originates from the interaction
between induced charges at the boundary. As a first step, we focus on
the contribution of the spontaneous curvature g to the formation of
domain shapes in this article. According to Helmoholtz’s theorem,
vector fields, e.g. the spontaneous polarization Py, are written as the
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sum of solenoidal component V,,;(V - Vs =0 and V x Vg, # 0) and
irrotational component V;.,.(V-V;, #0 and V x V;,, =0). The sol-
enoidal component does not contribute to Egs. (8) and (9), but only con-
tributes to the spontaneous curvature ky. In other words, our present
framework is sufficient to investigate the shapes of domains with
solenoidal orientational deformation of spontaneous polarization. In
the following, we mainly analyze the shapes of domains with solen-
oidal orientational deformation to continue our discussion in the con-
text of observed domain shapes. In order to investigate the shapes of
domain with irrotational orientational deformation, we need to clarify
the contribution of Egs. (8) and (9). This is, however, our future work
[25]. On the analogy of the physics of liquid crystal, we assume that
the magnitude Py of in-plane component of spontaneous polarization
is uniform, and that only the direction of spontaneous polarization
possesses spatial gradient. Then, we introduce “curvature of polariza-
tion” y, and y, as

9 a| = A
a | = AxAL

(11)
72l = AL

to represent orientational deformation, where x and y are two orthog-
onal direction in the monolayer plane, and a| and a, are in-plane unit
vectors parallel and perpendicular to the orientation of in-plane
component of spontaneous polarization, respectively. y, and y, are
derivatives of the angle ¢(x,y) of aj measured from a certain in-plane
reference direction ((y,,,) = Vo(x,y)).

Shape equation of monolayer domains with uniform tilting of spon-
taneous polarization, i.e., a is a constant vector, is derived as Eq. (3)
[19]. Here, we discuss the shape equation of monolayers with spon-
taneous curvature extending Eq. (3). In the similar manner to ref.
[19], we express m(s) and t(s) as

m(s) = cosya +sinya, (12)

t(s) = —sinya| +cosya,, (13)

where /(s) is the angle between the in-plane component of spontaneous
polarization a; and boundary normal m(s). When a|| is a constant vec-
tor, a relationship kx = — VY, is satisfied on the basis of Frenet-Seret the-
orem [20]. This relationship plays a key role to derive Eq. (3) [19]. In the
differential geometry, —xAs is the angle between m(s + As) and m(s)
(see Fig. 3). When a|| is fixed, y(s +As) — y(s) = —xAs (fs = —x). On
the other hand, when domains possess orientational deformation of
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. m(s+As)
f(w,( as WY(S+AS)=y(s)-x As
AN
AS
t(s)
Aok (S) . X
s
(@)

FIGURE 3 A geometrical meaning of curvature and curvature of polariza-
tion. ¥ is the angle between the in-plane component of spontaneous polariza-
tion and boundary normal. (a) the contribution of curvature to the derivative
of Yy (Y = —K). (b) the contribution of curvature and curvature of polarization
to the derivative of ¥ (s = —x — ).

spontaneous polarization, a; is no longer fixed, and m as well as a|
change along the domain boundaries (Fig. 3(b)). The curvature of polar-
ization along the domain boundary is written as

9 a)(x(s)) = 2. (r(s)). (14

where y' = t(s) - Vo(r(s)). Substituting Egs. (12) and (13) into Frenet-
Seret theorem, we obtain

o =—r— 7" (15)
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The angle between m(s + As) and m(s) and angle between a(r(s + As))
and a)(r(s)) are —xAs and —y'As, respectively (see Fig. 3). Hence, the
total derivative of y along the domain boundary due to the change of m
and a is represented by Eq. (15). The charge density induced at the
domain boundary is g; = Py|cos ¥, and is dependent on i as well as «.
Thus, the domain shapes, which optimize Eq. (6), are determined by
the curvature of polarization y. This effect is nothing but the spontaneous
curvature x, (see Eq. (6)). Actually, x, is proportional to '
(204 (s)ko = —(L*/4)Pg ' sin® ). Equation (10) is expressed in terms of
the curvature of polarization 7’ and " (=m(s) - Ap(r(s))). Provided that
curvature of polarizations, y and ™, are so small that only linear terms of
¥ and ™ are important, the shape equation of monolayer domains with
orientational deformation of spontaneous polarization is represented as

AP — Jyx + ocH;c3 + 20 Kss + 31K €08 2 + 2{ K55 COS 20) — 3(x cos 2y
+ 8Kk sin 20 + 41y’ cos 2y + 21y sin 2y + 8y K, sin 2y
— 12¢7'%? cos 2y 4 6™ K% sin 2y = 0. (16)

This equation returns to Eq. (3) when ' = 0 and 5 = 0. Note that > )15
7, and { are the same values as those used in Eq. (3). Thus, there is no need
to introduce extra effective elastic constants in our present theory. The
effect of spontaneous curvature is represented by the last five terms
(the ninth-thirteenth terms).

In order to investigate the contribution of spontaneous curvature
more clearly, we carry out a model calculation of Eq. (16). In our pre-
vious study [19], we found that the circular domains with radius a
such that 1° = (°a~? is a solution when y' = 0 and 7™ = 0, where the
suffix ° represents the circular domain. Such domains are formed at
the surface pressure AP = — ﬁJraﬁa’?’. In the following, we derive
approximate solutions considering 5’ and y™ as perturbations. We
assume that the solutions are written as r,(s) =a(cos0, sin0)+
I'(s)(cos 0, sin0) (I << a). Then, I" satisfies

b r
5peff + a—; I'+ by (Zs + anSs> + b3l s + b4a2Fssss
+8°(¥™ sin 20 — ' cos 20)a* = 0, (17)

where  dpgr = dp —3/(8n)Pga* [dOT cos20 + 3/nl°a™* [ dOT cos 20,
bi=APa+205a 2 —6°a"2c0s20, by =—8°a2sin20, bz =AP a+
4o<ﬁa‘2 —4°a%c0s20, and by = 2<x|°|a‘2 +20°a?cos20. Jp is the
perturbation of surface pressure to keep the domain area of pertur-
bed solution identical to the domain area of unperturbed solution. For
instance, we calculate a domain shape with weak bend orientational
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deformation aﬁend =a, + (x/d)a, of the spontaneous polarization
(V- aﬁe”d =0and V x aﬁe”d = 1/d). d represents the strength of bending
deformation, and is corresponding to the distance between the center of
bend deformation placed outside of a domain (0, d) and the center of a
unperturbed circular domain (d >> a). When we express I" by Fourier

series as I = X,¢, exp(in0), Eq. (17) is reduced to a recursive relation as

(n2 = Dl(n = 1)(n — B)en 2+ (1 +1)(n + S)en s
+(—k1 —&—kg(n2 - 1))cn]a_1
+k30p,0 —1kR4(0n 3 —0n,—3) =0, (18)

where 0,,, =1 when n=m, and 0 otherwise. k= APa '/((’a™?),
ko = oc“l> /¢ and k3= 5pef,a*1/(C°a*4) are the ratio of the unperturbed
surface pressure, the coupling constant of ', , and the perturbed surface
pressure to the coupling constant of F), respectively. k4 = 4a/d. The
recursive relation returns to that derived in ref. [19] when k4 = 0. Equa-
tion (18) indicates that the odd-number-th mode and even-number-th
mode of ¢,s are independent. Equation (18) is identity when n = 1, i.e.,
c1 are not determined by Eq. (18). This result is reasonable since c.
represents translation of the domain. Equation (18) is expressed as
Dec = g, where [D]nn = (n’2 - 1)[_k1 + k2(n2 - 1)]7 [D]n,n72 =
(i -D(n-1(n-3),  and  [D],,,= (0Lt 1)+ 3)
[D]n,m#n‘niZ = 07 [c]n =Cn, [g}n:iB = iik‘b [g]O = _k37 and [g]n?'é +3,0= 0
(n < —3or3<n). Here,[Al,, , is the (m, n) component of matrix A. When
detD+#0, the solution is expressed as con/a = —[D ']y, oks,
Com+1/a=i[D My, .1 ska(m>0), and com_1/a=—i[D ], ; ska(m<O0).
k3(ox Opes) 1is determined by the constraint of constant area
cofa==1/2%, lca*/a? as By ~1/25, (D75, /D Yook} and
EY) ~ [D71]0,0/§1/2 S D15, o). However, it is not reasonable to
consider that k32 is a solution since k5~ does not depend on the pertur-
bation k4. Thus, k3 and ca,,s are proportional to k%, and can be neglected
in our first order perturbation analysis.

It is not difficult to calculate D' numerically when %, is large
(kg > 2.5), i.e., the coupling constant of F| is smaller than that of F', .
In our present study, we take into account only the odd-number-th
components of D! since even-number-th components are neglected
as we have already discussed. The domain shape with k; = 12.5,
ks = 2.5, and k4 = 0.3 is shown in Figure 4(a), where it is correspond-
ing to a monolayer domain with e.g. a = 10um, d = 134 um, Py, =
4.23 x 1072C/m, Py = 3.00 x 10~2C/m, and AP = 0.28 mN/m. These
values are chosen based on our experimental study using MDC-SHG
measurement on phospholipid monolayers [5,24]. I'/a and oinduced /Po)|
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of domains with shape perturbation are plotted by the solid curves in
Figures 4(b) and (c), respectively. The dashed curves in Figures 4(b)
and (c) represent I'/a and o;,quced/Poj of domains without shape per-
turbation in the presence of bend orientational deformation
(T'/a = 0). Figure 4(a) indicates that domains with bend orientational
deformation form egg-like shape at the state (k; = 12.5, ky, = 2.5, and
k4 = 0.3). Similar shapes have been observed from DMPA monolayer
domains (a ~ 20 um) by Kjaer et al. [23]. As k4 increases, the calcu-
lated domain shapes become closer to the observed shapes. The solid
and dashed curves in Figure 4(c) is the charge density distribution
of domains with and without taking into account the contribution of
the shape perturbation I'/a from circular domain, respectively, in
the presence of bend orientational deformation. In region (v), positive
and negative charges of solid curve at 0 > z5 and 0 < z5, respectively,
are larger than the dashed curve at the vicinity of z,, where
Ginduced/Poj = 0 (see Fig. 4(c)). The positive and negative peaks of solid
curve in region (iv) and (vi) are smaller than the corresponding peaks
of dashed curve. The attractive interaction is strong at the vicinity of
29, where the polarity of the induced charges changes, whereas repul-
sive interaction is strong at the positions, where the induced charge of
the same polarity is large (see Fig. 4(c)). The shape perturbation
changes the distribution of induced charge density at the domain
boundary so that the attractive interaction in region (v) increases
and the repulsive interaction in region (iv) and (vi) decreases, i.e.
the total free energy of the domain decreases. Thus, our present result
is reasonable from the viewpoint of electrostatic charge effect. How-
ever, the shape perturbation in region (i)—(iii) is not determined in
the same way. It is possibly because the line tension makes a more
important contribution than electrostatic energy in region (i)—(iii).
On account of bend orientational deformation, electrostatic charge
density increases in region (iv)—(vi), and decreases in region (i)—(iii)
(see the dashed curve of Fig. 4(c)). In other words, the bend orienta-
tional deformation makes the contribution of electrostatic energy
weaker, and the line tension rather makes an important contribution
in region (i)—(iii). For this reason, the shape perturbation in region
(iv)—(vi) is induced by the electrostatic charge effect whereas the
additional generation of shape perturbation is suppressed by the line
tension in region (i)—(iii) (see Fig. 4(c)). In this analysis, it is exempli-
fied that the orientational deformation determines the significance of
the contribution of electrostatic energy F| due to the generation of in-
plane spontaneous polarization to the formation of domain shapes, and
the domain shapes with induced charge density distribution at the
domain boundary, which optimizes the electrostatic energy, Eq. (6).
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C:lnduced/ Po||= cos v
(i) (ii) (iii) (iv) , (V)

1
1
05 |
|
|
|

(c)

FIGURE 4 A shape of domain with bend orientational deformation of spon-
taneous polarization obtained by Eq. (18) for k; =12.5, ks =2.5, and
k4 = 0.3 (the black solid curve of (a)). The center of bend deformation is placed
at (0, d) in the (x, y) coordinate shown in (a). The gray dashed curve is the
unperturbed solution (circle). The orientation of spontaneous polarization is
schematically drawn by the gray arrows. I'/a and 6;nduced/Po) of this domain
shape is plotted to (b) and (c). The regions (i)—(vi) of (b) and (c) are consistent
with (a). Ginguced/Po| Without the contribution of I'/a is also plotted to the
dashed curve in (¢). I'/a =0.0217 sin 30 —0.0052 sin 560+ 0.00155 sin
70 — 0.00051 sin 90+ 0.00018 sin 110 — 0.000068 sin 130.

The latter effect is nothing but the spontaneous curvature. In other
words, the effect of the spontaneous curvature is successfully incorpor-
ated in the shape equation (16).

IV. CONCLUSION

The forming mechanism of monolayer domain shapes with orienta-
tional deformation is investigated from the viewpoint of differential
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geometry. The curvature of polarization is introduced to represent the
orientational deformation, and the shape equation is extended taking
into account the contribution of spontaneous curvature. As a model
calculation, we derived an approximate solution of domains with bend
orientation. It is exemplified that the spontaneous curvature is
reasonably understood as shape formation to optimize the off-diagonal
component of electrostatic energy. In the review process of this article,
we made a progress on taking into account the contribution of Frank
elastic energy and spontaneous splay (Eq. (8) and (9)) in the shape
equation for the further understanding on the forming mechanism of
monolayer domain shapes and discussed in Ref. [25] in details.
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